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CLASSCAL AFFINE W-ALGEBRAS ASSOCIATED TO LIE 

SUPERALGEBRAS 

UHI RINN SUH^ 


Abstract. In this paper, we prove classical affine W-algebras associated to Lie superalge¬ 
bras (W-superalgebras) can be constructed in two different ways: via affine classical Hamil¬ 
tonian reductions and via taking quasi-classical limits of quantum affine W-superalgebras. 
Also, we show that a classical finite W-superalgebra can be obtained by a Zhu algebra of 
a classical affine W-superalgebra. Using the definition by Hamiltonian reductions, we find 
free generators of a classical W-superalgebra associated to a minimal nilpotent. Moreover, 
we compute generators of the classical W-algebra associated to spo(2|3) and its principal 
nilpotent. In the last part of this paper, we introduce a generalization of classical affine W- 
superalgebras called classical affine fractional W-superalgebras. We show these have Poisson 
vertex algebra structures and find generators of a fractional W-superalgebra associated to a 
minimal nilpotent. 


1. Introduction 

This paper is a generalization of [Ml HU, which showed equivalences of various definitions 
of classical affine W-algebras and introduced classical fractional W-algebras. 

Recall that there are four types of W-algebras: classical affine, classical finite, quantum 
affine and quantum finite W-algebras. These types of algebras are endowed with Poisson ver¬ 
tex algebras (PVAs), Poisson algebras (PAs), vertex algebras (VAs) and associative algebras 
(AAs) structures, respectively. As underlying algebraic structures in mathematical physics, 
PVAs (resp. PAs) are quasi-classical limits of VAs (resp. AAs) and Poisson algebras (resp. 
AAs) are finalizations of PVAs (resp. VAs). (See [il [6l [TOl fl^ .i 

The main ingredient of this paper is a classical affine W-algebra, which is endowed with 
PVA structures. Hence we expect classical affine W-algebras are obtained by quasi-classical 
limits of quantum affine W-algebras and chiralizations of classical finite W-algebras. A clas¬ 
sical finite W-algebra W'^*"(0,/) associated to a Lie (super)algebra g and its nilpotent / is 
defined by the Hamiltonian reduction 

associated to (S'(g), ^(g)/, n) for a Poisson (super)algebra ideal S{q)I and a nilpotent Lie 
subalgebra n of g determined by /. Also, there is an equivalent construction of VV’-^*"'(g,/) 
by a cohomology of Lie (super) algebra complex. 

A natural way to get a quantum finite W-algebra is by the BRST quantization of the 
Lie (super)algebra complex, called a finite BRST complex. As in classical finite W-algebras 
cases, in 019], it is proved that the quantum finite W-algebra W'^*"’(g, /) associated to a Lie 
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(super)algebra g and its nilpotent / can be obtained by a quantum Hamiltonian reduction 
associated to U{q), its associative algebra ideal U{q)I and a nilpotent Lie subalgebra n 
determined by /. 

In [U m dH [l2], the quantum afhne W-algebra W (g, /, k) is introduced by BRST complex 
which is obtained by substituting universal enveloping algebras of Lie (super)algebras in the 
finite BRST complex with universal enveloping vertex algebras of Lie conformal algebras 
(LCAs). 

In [17], by substituting universal enveloping vertex algebras of LCAs in the BRST com¬ 
plexes with symmetric algebras generated by the LCAs, we get classical affine W-algebras. 
For the classical affine W-algebra W(g, /, k) associated to a Lie algebra g, there is an equiv¬ 
alent definition via an affine Hamiltonian reduction. Also, two W-algebras W'^*”(g,/) and 
are related by a finitization map called Zhu map. (See [6].) 

A natural question is that if we can develop a similar theory for a classical affine W- 
algebra associated to a Lie superalgebra (classical affine W-superalgebra). In Section [3l we 
prove that a classical affine W-superalgebra can be defined via classical BRST complex and 
via Hamiltonian reduction. Also, we show that the same argument works for classical and 
quantum hnite W-superalgebras. Moreover, in Section U we describe relations between affine 
W-superalgebras and hnite W-superalgebras. 

Also, structure theories of hnite W-superalgebras are developed in various articles, for ex¬ 
ample da mils]. In this paper, we investigate structures of classical affine W-superalgebras. 

The simplest example of W-superalgebras can be obtained by taking a minimal nilpotent 
/ of given Lie superalgebra g. In |12] . Kac and Wakimoto discovered free generators of 
quantum affine W-(super)algebras associated to minimal nilpotents and Premet |15] described 
generators of hnite W-algebras associated to Lie algebras and minimal nilpotents. In |16] . 
similar results are written for classical affine W-algebras associated to Lie algebras and their 
minimal nilpotents. In Section O we show that generators of a classical affine W-superalgebra 
associated to a minimal nilpotent can also be described explicitly. In addition, we compute 
A-brackets between the generators. 

It is still open what are free generators of classical affine W-superalgebras associated to 
non-minimal nilpotents. However, it is possible to hnd free generators for simple cases by 
computations. In Section [5l we hnd free generators of classical affine W-algebras associated 
to g = spo(2|3) and its principal nilpotent. The Poisson A-brackets between the generators 
are also computed directly. 

The last part of this paper is about fractional W-superalgebras. In [T] [3], they 

introduced fractional W-algebras as a generalization of W-algebras in [7j. Note that W- 
algebras in [7] appear as underlying algebraic structures of integrable systems and they are 
isomorphic to classical affine W-algebras associated to Lie algebras in our context. Similarly, 
fractional W-algebras are also related to integrable systems. In m, PVAs called classical 
affine fractional W-algebras associated to Lie algebras are introduced which are isomorphic 
to fractional W-algebras in [T]. 

In Section [6l we dehne classical affine fractional W-algebras associated to Lie superalgebras 
(fractional W-superalgebras). In [T7j, the well-dehnedness of a fractional W-algebra as a PVA 
is proved by the fact that it is isomorphic to a fractional W-algebra in [1]. However, since 
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it is not clear how to construct fractional W-superalgebras in the context of [T], we cannot 
use the same argument as in m- In this paper, we prove that classical affine fractional 
W-algebras are well-defined PVAs with a simpler method and show that the proof works for 
fractional W-superalgebras. Moreover, we find free generators of a classical affine fractional 
W-superalgebra associated a minimal nilpotent and also Poisson A-brackets between them. 
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2. Backgrounds 

In Section [21 we recall some basic notions that we need to investigate W-algebras. 

2.1. Poisson vertex algebras: relations with vertex algebras and Poisson algebras. 

A vector space V over C with a decomposition V = Vg © is called a vector superspace. 
A vector in Vg (resp. Vj) is said to be even (resp. odd). An element in Vg or Vj is called a 
homogeneous element. The parity p{v) of a homogeneous element u G Vg (resp. u G Vj) is 0 
(resp. 1 ). 

An algebra A over C is called a superalgebra if it is a Z/2Z-graded algebra. In other words, 
A = Ag 0 Aj as a vector space and AjAj C Aj_,_j. 

A vector superspace V endowed with a bracket [, ] : V x V ^ V is called a Lie superalgebra 
if it satisfies 

(bilinearity) \ka + 6 , c] = k\a, c] + [ 6 , c], a,b,c k € C; 

(skewsymmetry) [a, 6] = — (—[6,a], a,b €V; 

(Jacobi identity) [a, [b, c]] = [[a, 6 ], c]] + (—I)pA)p(^) [b, [a, c]], a,b,c & V. 

A Poisson superalgebra P endowed with the bracket { , } satisfies the following properties: 

(1) (P, { , }) is a Lie superalgebra. 

(2) P is a supersymmetric algebra, that is ab = for a,b € P 

(3) {a, be} = {—l)P^°‘')P^^'>b{a, c] + {a, b}c for a,b,c ^ P. 

Now we recall differential algebras and Lie conformal algebras, which are needed to intro¬ 
duce vertex algebras and Poisson vertex algebras. The definitions can be found in Ellin]. 

Definition 2 . 1 . (1) A superalgebra A is called a differential algebra if it is endowed with 

a parity preserving map 9 : A —>■ A satisfying d{ab) = {da)b + a{db). 

( 2 ) Let P be a vector superspace over C with a C[9]-module structure and let 5 be a 
parity preserving map on R. The C[(9]-module R endowed with a linear A-bracket 
[a] : P ©c R is called a Lie eonformal algebra (LCA) if it satishes 

(sesquilinearity) [da\b] = —X[a\b], [axdb] = (9 +A)[aA 6 ], a,b £ R] 

(skewsymmetry) [aA^] = — (—1)^^“^^^^^ [&_a_Aa], a,b £ R] 

(Jacobi identity) [ax[bfj,c]] = [[oa^Ja+mc] + (-1)^^“^^^^^[ 6 ^[aAc]], 
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a,b,c £ R. 


Let i? be a LCA and let a, b be elements in R. There are Cn (z R for n € Z>o such that 
[«A^] = EnGZ>o We denote c„ by a(„)6. 

Definition 2 . 2 . [2] A quintuple {V, d, |0) ,: :, [ a ]) is called a vertex algebra if it satishes 

(1) (y, 9, [ A ]) is a Lie conformal algebra, 

(2) {V, d, |0) ,: is a differential algebra with the strong quasicommutativity, 

(3) the A-bracket [ a ] and the normally ordered product : : are related by the noncom- 
mutative Wick formula, 

where the strong quasicommutativity is 

[axb]dXc:= - Y, ■■ 

nez+ )■ 

and the noncommutative Wick formula is 

[oA : be :] =: [axbjc : +(-1)p(“)pW ; [bxajc : + [ [[axb]^c]dn, 

Jo 

for a,b,cG R. Here /o"[[aA6]^c]d/r = 

As in the Lie superalgebra theory, there is a unique universal enveloping vertex algebra 
(y{R),i : R —)• V{R)) of a Lie conformal algebra R. The universality is that if there is a 
vertex algebra V endowed with a LCA homomorphism r : R ^ V then there is a unique 
vertex algebra homomorphism q : V(R) —)■ V such that qoi = r. 

There is the PBW theorem of universal enveloping vertex algebras, in the sense of Theorem 

[231 

Theorem 2 . 3 . |10] Let {V{R),i : R — V{R)) be the universal enveloping vertex algebra of 
a Lie conformal algebra R. 

(1) The map i : R ^ V(R) is injective. 

(2) If {ui, • • • , Ufc} is a C-basis of R then { : uqUjj ''' • I 1 < T < *2 < • • • < ^ } 

is a C-basis ofV{R), where : : denotes normally ordered products from 

right to left, that is 

Ui^Ui^ ■■■Uif := (: uq(: Ui^^: ■ ■ (: :)■■■):):) :). 

Equivalently, if B is a C-ba.sis of R then V{R) is freely generated by B. 

Example 2.4. The current Lie conformal algebra associated to the finite dimensional Lie 
superalgebra g with an invariant supersymmetric bilinear form (|) : g x g ^ C is 

C'ur(g) = C[5] <8i g © CK where p{K) = 0, 

endowed with the A-bracket defined by 

[aA^] = [a, b] + A(a|6) A for a, 6 G g, [AAC'ur(g)] = 0. 

The universal enveloping vertex algebra H(C'ttr(g)) of C'ur(g) is freely generated by a basis 
B of C'ttr(g) over C and H^(C'ur(g)) = H(C'ur(g))/(A — k)V{Cur{Q)) is called the universal 
enveloping affine vertex algebra of level k. 
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Definition 2.5. [2] A quintuple (V, <9,1, •, { a }) is called a Poisson vertex algebra (PVA) if 
it satisfies 

(1) (V,5,{A})isa Lie conformal algebra 

(2) {V,d, ■, 1) is a unital supersymmetric differential algebra. 

(3) the A-bracket { a } and the supersymmetric product are related by the Leibniz rule 

{uA^c} = (-If (“W')6{aAc} + {aA6}c. 

Example 2.6. Let R = Cur{Q) be in Example 12.41 and let S{R) be the supersymmetric algebra 
generated by R. We define the A-bracket on S{R) by that on R and Leibniz rules. Then S{R) 
is a Poisson vertex algebra. Also, S^{R) = S{R)/{K — k)S{R) is a Poisson vertex algebra, 
for any A: € C. 

Definition 2.7. [3] 

(1) Consider a family of vertex algebras f which is a vertex algebra over C[e] with a 
A-bracket such that [fAf] C C[5] (8)ef4. The vertex algebra f is called regular if the 
multiplication by e is an injective map. 

(2) Let (14, |0)^, 9, [ A ]e,: 4 ) be a regular family of vertex algebras over C[e]. Let V := 
Ve/eVf: be endowed with the product induced by the normally ordered product ; ig of 
14 and the A-bracket { a } defined by 

{aA^} = [axb]Je 

where o, 6 € I 4 are preimages of a, 6 G V. Then |0)g G I 4 induces the unital 1 G V 
and d on I 4 induces a differential d on V. The quintuple (V, 1,5, { a }, •) is called the 
quasi-classical limit of I 4 . 

It is easy to see the following remark. 

Remark 2.8. The quasi-classical limit V of the regular family of vertex algebras I 4 over C[e] 
is a Poisson vertex algebra. 

Example 2.9. As in Example 12.41 let V = V^{Cur{Q)) be the universal enveloping affine 
vertex algebra of level k endowed with the A-bracket [ a ]. Let I 4 be the regular family of 
vertex algebras such that f = V[e], [axh],. = e[axb] for a,b G Cur{g) and the normally 
ordered product on I 4 is induced by that on V. Then the quasi-classical limit of I 4 is S^{R) 
in Example 12.61 

Remark 2.10. Analogously, we obtain a Poisson superalgebra as the quasi-classical limit of a 
regular family of associative superalgebras with commutators. 

Definition 2.11. Let V be a Poisson vertex algebra and let iL : V —)• V be a diagonalizable 
operator. Denote by the eigenvalue of H corresponding to an eigenvector a G V. If the 
operator H satisfies that 

Ai = 0, Aaa = l-FAa, Aa(„)6 = Aa-h Aft - n - 1 

for eigenvectors a,b G V of H and n G Z>o then H is called a Hamiltonian operator. If H is 
a Hamiltonian operator then the eigenvalue A^ is called the conformal weight of a. 
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Remark 2.12. A main source of Hamiltonian operator of V is an energy momentum field 
L €zV. Precisely, if L satisfies 

(1) {LxL} = (d + 2X)L + for the central charge c G C, 

(2) L_i := L(o) = d, 

(3) Lq := is a diagonalizable operator on V 
then Lq is a Hamiltonian operator on V. 


Definition 2.13. [U [19] Suppose the Poisson vertex algebra V has a Hamiltonian operator 
H and let J be the associative algebra ideal of V generated by {d-\- H)a. Then the H-twisted 
Zhu algebra ZhuniV) := V/J is the Poisson algebra endowed with the Poisson bracket 



for a,b gV. 


Example 2.14. Let g be a Lie superalgebra with even sl 2 -triple {e,2x,f) and the supersym¬ 
metric invariant bilinear form (|) such that (e|/) = 2(x,x) = 1. Take dual bases {ua\c( G S} 
and G 5} of g with respect to the bilinear form (|). 

(1) Let L = YlaeS ^u°‘ua G S^{R), where S^{R) is the Poisson vertex algebra in Exam¬ 
ple [2]9l Then 

{LxL} = {d + 2X)L, {Lau„} = (5 + A)u„. 

Hence L is an energy momentum field and Lq is a Hamiltonian operator of S^{R). 
For the Hamiltonian operator H = Lq, the LT-twisted Zhu algebra of S^{R) is the 
Poisson superalgebra S'(g) endowed with the bracket 

{a,b} = [a,b], a,b G Q. 

(2) Let Lg = Y.a&s + dx G S^{R). Then 

{LqXUo} = (9-F (1 - ja)>^)Ua “ kX^ {x\Ua) 

where [x,Ua] = ja^a- Moreover, H := Lg(]^) is a Hamiltonian operator on S^{R). 
The conformal weight of tia is 1 — ja- The //-twisted Zhu algebra of S^{R) is 
S^{r) := C[ua\a G 5] endowed with the Poisson bracket 

{Ua,Ui3} = [Ua,up] - JaA:('U„|u^) , 0,(3 G S. 

If we denote Va = a — k{x,a) for a G g then {ua,u,g} = Hence the associative 

superalgebra automorphism a i-7> Ua of C[tta|Q; G S] is a Poisson superalgebra iso¬ 
morphism between S^{r) and S'^(r). As a conclusion C[ua\a G S] endowed with the 
Poisson bracket {ua,up} = [ua,uifi is the //-twisted Zhu algebra of S^{R). 

Remark 2.15. If a vertex algebra V has a Hamiltonian operator H, we analogously find 
an associative superalgebra with commutator which is called the //-twisted Zhu algebra 
ZhuniV) of V. 


We summarize relations between vertex algebras, Poisson vertex algebras, associative al¬ 
gebras and Poisson algebras by the following diagram: 
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{V,H) 


quasi-classical limit 




ZhuH 


Zhu'}i 


ZhUH{V) 


-)■ Zhu-uiV) 

quasi-classical limit 


where ^ is a vertex algebra with a Hamiltonian operator H and V is a Poisson vertex algebra 
with a Hamiltonian operator T-L. 


2.2. Nonlinear Lie superalgebras and Nonlinear Lie conformal algebras. 


In this section, we briefly review constructions of nonlinear Lie superalgebras and nonlinear 
Lie conformal algebras. We refer to [3] for details. 

Let r+ be a discrete additive closed subset of M_|_ containing 0 and rV = r+\{o}. For 
C £ we denote by (- the largest element of r_|_ strictly smaller than (. 

Let g be a F^-graded vector superspace and T(g) be the tensor superalgebra over g. Denote 
by ({a) the F^-grading of a G g. Then T(g) is a F_|_-graded algebra 

r(g) = 0 r(g)[C] 

CGr+ 

induced by the F'_)_-grading of g. More precisely, C(c) = 0 for c G C and = C(^)+C(-S) 

for A,B ^ 7~(g). Then there is an increasing filtration of 7~(g) 

7'c(0) = 0r(g)[C']. 

C'<C 

If g is endowed with the linear map 

[, ] : gOg ^ T(g) 

then we can extend the bracket [, ] defined on g to the bracket [, ] defined on T(g) by Leibniz 
rules. (See [1].) 

Definition 2.16. [3] If g is endowed with the linear map 

[, ] : g<8>g ^ T(g) 

such that 

(grading condition) [a, 6] G 7((;(a)+^(6))_ (g); 

(skewsymmetry) [a,b] = —(—a]; 

(Jacobi identity) [a, [b,c]] - [6, [a,c]] - [[a,b],c] G A3(^(a)+^(6)+^(c))_ (g); 

where a,b,c € g and A3^(g) = AI(g) fl 7^(g) for 

M = span{A (g) (d (g) e — (—i)P(®)p('^)e 0 d — [d, e]) <g D\d, e G g, H, D G T(g)} 
then g is called a nonlinear Lie superalgebra. 

Definition 2.17. [3] Let g be a F()_-graded nonlinear Lie superalgebra. The associative 
algebra U{g) = T(g)/Al(g) is called the universal enveloping algebra of g. 
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Consider the quasi-classical limit of the regular family of Lie superalgebras := f7(0)[e], 
which is endowed with the bracket defined by [a, 6]e = e[a, 6] for a, 6 € g, is the Poisson 
superalgebra ^(g) endowed with the Poisson bracket {, } defined by {a, f)} = [a,b] for any 
a,b € Q and Leibniz rules. 

Example 2.18. Let g be a Z>o-graded vector superspace such that Q{a) = 1 for all a € g. If 
g is a Lie superalgebra endowed with the Lie bracket [, ] and the supersymmetric bilinear 
invariant form (|) then the linear map [, ]fc : 0 ® g —>■ T(g) such that 

k 

[a,b]k = [a,b] +-{h\[a,b]) for/c G C, h G gg 

is a nonlinear Lie bracket of g. Consider the quasi-classical limit of the regular family of Lie 
superalgebras Ue := U (g)[e], which is endowed with the bracket defined by [a, b]e = e[a, 6] for 
a, 6 G g, is the Poisson superalgebra S'(g) endowed with the Poisson bracket { , } defined by 
{a, b} = [a, b] for any a, 6 G g and Leibniz rules. 


Analogously, we can define nonlinear Lie conformal algebras and their universal enveloping 
vertex algebras. Here we briefly review the definition. (See [4].) 

Let ii be a C[cl]-module with grading and T{R) be the tensor superalgebra over R. 
Denote by ((a) the P^-grading of a £ R. Then T{R) is a r+-graded algebra 

nR) = 0 t{r)[c] 

C6r+ 

induced by the r'_^-grading of R. More precisely, C(c) = 0 for c G C and = (^(A)-|-(^(H) 

for A,B £ T{R). Then there is an increasing filtration of T{R) 

TdR) = ®nR)\a 

C'<C 

If R is endowed with the linear map 


[a, ] : S® 0 C[A] ®T{R) 

satisfying 

(grading condition) [axb] £ C[A] ^ T(t;(a)+c{b))-{R)', 

(sesquilinearity) [axdb] = (A-|-9)[aAb], [daxb] = —A[aA6] 

for a,b,c £ R then we can extend the A-bracket on R to that on EiR) via Definition 12.21 
Precise construction for the normally ordered product and A-brackets on E{R) can be found 

in [1]. 

Definition 2.19. [4] Let ii be a C[cI]-module endowed with the A-bracket [a] : ii® ii —>■ 
C[A] ® T(ii) with grading conditions and sesquilinearities. If the A-bracket satishes 

(skewsymmetry) [axb] = — (—1)^^“^^^^^ [6_g_Aa] ; 

(Jacobi identity) [ax[bf,c]] - (-I)^(“)^(^)[6^[aAc]] - [[aA^lA-r^c] G Al^(ii); 
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for a,b,c € R and = A4{R) fl Tc^{R) where the subset M.{R) C T{R) is 

fO 


j [dxe]d\D : 
then R is called a nonlinear Lie conformal algebra. 


d,e e R, A, D e T{R) 


Definition 2.20. [1] Let -R be a r^-graded nonlinear Lie conformal algebra. The vertex 
algebra 'T{R)/Ai{R) is called the universal enveloping vertex algebra of R. 


Example 2.21. Let 0 be a Lie superalgebra endowed with the Lie bracket [, ] and the su¬ 
persymmetric invariant bilinear form (|) and let i? = C[5] ( 8 > g be a Lie conformal algebra 
endowed with the A-bracket such that [axb] = [a, 6] for a, 6 G g. Consider the Z>o-grading on 
R defined by C{a) = 1 for any a E R. Then the map [x]k >-C[A]ig) T{R) such that 

[0‘xb]k = [«) b] -|- kX{a\b), k € C 

is a nonlinear A-bracket of R. Hence {R, [ a ]) is a nonlinear LCA. Consider the quasi-classical 
limit of the regular family of vertex algebras 14 := which is endowed with the A 

bracket defined by [axb],: = e[axb] for a,b ^ R, is the Poisson vertex algebra S{R) endowed 
with the Poisson A-bracket { a } defined by {aA?)} = [aA^)] for any a,b ^ R and Leibniz rules. 


2.3. Basic results in filtered complexes. 


Let P = for a positive integer N and U he a vector superspace. The linear map 
d :[/—)• f7 is called an odd differential of U, if = 0 and d is odd. If [/ is a (i) superalgebra, 
(ii) Lie superalgebra, (iii) Lie conformal algebra, respectively, then we assume that 

(i) d{ab) = d{a)b + (—l)^*'“^od(6), {ii) d{[a,b]) = [d(o),6] -|- (—[a, d(6)], 

(m) d[aA^] = [d{a)xb] + {-l)P^‘^^[axd{b)], 

respectively. 

Definition 2.22. [1] The complex {U, d) is called a filtered complex if 

(1) [/ is a P-bigraded space such that 

= 0 

p,gGr p+q=n£Z 

(2) For the decreasing filtration {FPU\p G P} where FPU = 0p/>p g the odd 

differential d has degree 1 and preserves the filtration: 

d{FPU^) C RPU'^^^ 

where RPU^ = RPU n 

If the complex {U,d) is a filtered complex with the filtration {RPU |p G P} then H^{U,d) 
is also a filtered space with 

FPH^{U,d) = Ker(d|FP[/n)/(ImdnFPl7’"). 

Let us write 

grPm{U, d) = FPHP+^{U, d)/FP+^RP+’i{U, d) 
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for e = and let 




Ker(#'' : ^ gvP’i+W) 


Im(dsi' ; gTcP,i grP’??/) 

where grl7 = 0p,,gr and grP’^U = FPUP+p/FP+^UP+p. 


Definition 2.23. [1] Let {U, d) be a filtered complex. 

(1) The complex {U,d) is said to be good if HP'^{giU,d^) = 0 for all p, g G T such that 

p + 5 / 0. 

(2) For each n > 0, if FPJJ'^ = 0 for p >> 0 then U is said to be locally finite. 
Proposition 2.24. [1] If the filtered eomplex {U,d) is good and locally finite then we have 

grP’m{U,d) ~ HP’'i{grU,d3''). 


Proposition 2.25 (Kiinneth lemma). (1) Let Vi and V 2 be vector superspaces with dif¬ 
ferentials di : Vi ^ Vi for i = 1,2. If d : V ^ V is a differential on V = Pi 0 V 2 such 
that d = di<S)l + l 0 d 2 then there is a canonical linear isomorphism 

H{V,d) = H{Vi,di)®H{V2,d2). 

(2) If S{y) is a supersymmetric algebra generated by the vector superspace V then 

H{S{V),d)c^S{H{V,d)). 

Remark 2.26. [1] Let g be a F^-graded nonlinear Lie superalgebra with a differential d : g —>■ g 
preserving the F'_^-grading. Suppose (1) II{g,d) has the F'_)_-grading induced from that of g, 
(2) nonlinear Lie bracket of g induces a nonlinear lie bracket of H{g,d). Then there is a 
canonical associative superalgebra isomorphism 

i/([/(g),d)~C/(F(g,d)). 


3. Definition of classical affine W-algebras associated to Lie superalgebras 

Let g = go © 0i be a classical finite simple Lie superalgebra with the even part go and the 
odd part gj. We choose an even sl 2 -triple (e, h = 2x, f) in gg. Then the operator adx on g is 
diagonalizable and 

0 = ©ig| 0(*) where g(i) = {g G g\[x,g] = ig}. 

Especially, / € 0(—1) and e G 0(1). Also, let (|) be a supersymmetric bilinear invariant form 
which satisfies (e|/) = ^{h\h) = 1 and let 

i^ = ©i>o0(O> t^- = ©i<o0(O> m = ©i>i0(*) 

be subalgebras of g. The following two sets 

{ua\a G S} and {u“|a G S'} 

are dual bases of g such that (1) both of bases are compatible with the parity, (2) {ua\u^ ) = 
ba/3, (3) Ua G g{ja) and G g(— ja) ■ Let S be the subset of S such that 

{ua\oi G S} and {u“|a G S} 
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be dual bases of n and n_. The subset £'(1/2) C £ is the index set such that {ua\a € 
£(1/2)} = {ua\c( G £} n 0 (I) . Thus 

{uo\oL € £( 1 / 2 )} is a basis of 0 (|) . 

3.1. First definition via classical BRST complex. 

Recall that a quantum W-algebra is defined by a BRST quantized complex of a complex 
of Lie (super)algebras. We shall call by the classical BRST complex, the quasi-classical limit 
of the BRST quantized complex. 

In order to introduce a classical BRST complex, we recall following three types of nonlinear 
Lie conformal algebras [1]: 

(1) The nonlinear current Lie conformal algebra Cur^iQ) = C[d] <Xi 0 is endowed with the 
A-bracket 

[axb] = [a, b] + kX{a\b), a,b G Q 

for given k G C. 

(2) Let 4>n be a vector snperspace isomorphic to n(n) where LI is the parity reversing 
map and, similarly, let ~ n(n_) as vector superspaces. Then the charged free 
fermion nonlinear Lie conformal algebra Rch = C[(9] ^ (</)n © </'" ) is endowed with the 
A-bracket 

[</ai A '/aa] = A = 0, [(/a A /] = (a|^), 

for oi, 02, a G n and bi, 62, 6 G n_. For o G 0 , we let (j^a = (pn+a and (pa = (p-K^a-, where 
7r_|_ and 7r_ are projection maps from 0 onto n and n_. 

(3) Let ‘^g(|i) be a vector superspace isomorphic to 0 (^). The neutral free fermion 

nonlinear Lie conformal algebra Rne = C![d] © $^^ 1 ^ is endowed with the A-bracket 

[^ci A^ca] = (/l[ci,C2]). 

For a G 0 , we let <!>« = ^7ri/aa, where 7 ri /2 is the projection map on 0 onto 0 (^) . 

Let R = Curkis) © Rch © Rne be the direct snm of Curk{Q), Rch and Rne as a nonlinear 
LCA. The supersymmetric algebra S{R) generated by i? is a PVA endowed with the bracket 
{ A } induced by that of R and Leibniz rules. 

Denote 

(1) Lg = YlaeS + dx G S{Curk{Q)) where {tt"| a G £} and {ua\ a G £} ; 

( 2 ) + E«gs (1 - joL){d(p^)(pa G S{Rch) where (pa := (pu^, and 
:= 

(3) L"-® = ^ i]Q,g 5 (i/ 2 )(f^^“)^a G S{Rne) where and $0 = snch that 

{f\[ua,vl^]) = Sap for a,/3 G £(1/2). 

Then 

{L® \Ua} = dua + (1 — ja)XUa — kX'^{x\Ua) for a G £ and Ua G g(ja)', 

(3.1) M = (d + (l- Ja)X)cPa, {L^’^ A^} = (<9 + jaXW for a G £; 

A^a} = (5 + iA)cI>« for a G £(1/2). 
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Hence 

(3.2) H = L(i), where L = G S{R), 

is a Hamiltonian operator of S{R) and conformal weights of generating elements of R are 

= 1 - jai = jp, ^<j)i3 = (1 - jp), = - 

for a G 5, /3 G S' and 7 G S'(l/2). 

Take the element 

(3.3) d = + + l e 

oSS aSS(l/2) a,/? 

where (jia = (pua: p{a) = p{ua)- Then we have the following lemma. 

Lemma 3.1. (1) The element d G S{R) has the odd parity. 

(2) We have the following formulas: 

{dxa} = + k (-l)P(“)(a + A)</.“, 

a£S 

{dxM = vr+a + (a|/) + (-l)P(“)d>(a) + E <P'^<P[u„,n+a], 

(3.4) “SS 

aes 

(^5j VHe have {dxd} = 0. 

Proof. Let us denote s{a) = (—1 )p(“) for a homogenous element a G S{R). 

(1) Since s((/>“)s(tia) = —1, s((/>^)s(<l>^) = —1, and s((()-^) = —1, for a G S, /3 G S'(l/2), 

the element + SaG5(i/2 )^de odd parity. Also, we have 

'S(0"0^((>[n^,u„]) = 'S(0")s(^^)s((/>[n^,„„]) = -1. Hence d is an odd element. 

(2) Observe that 

{dxa} = E {s{ua)'f°‘[ua,a] + k s{ua){d + X){ua\a)(t)°'). 
aGS 

Let a be a homogeneous element. Then {ua\a) ^ 0 only if p{a) = p{a). Hence 

{dxa} = E s{ua)(j)°'[ua,a] + ks{a){d + A)(/)“. 
oeS 

If we write Xa = s(a)a + + (a|/) for a G n and Xa = Xu^ for a G 5 then 

{dx4>a} = '^{(p°'Xax4>a} + E ^[up,Uc] x4>a}■ 

a&S a,0&S 
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We have 


(3.5) 

'^{(p^Xa X(j)a} = ^ 4>{' 


a£S aeS 

and 

{s{Ua)(j)°‘(p^(i>[uf,,Uc.] XM 

(3.6) 

a,0es 



(y,l3GS a^l^GS 

The first term in the RHS of (j3.6l) is 

(3.7) 

«,/3e5 /3gS 

and the second term in the RHS of (j3.6p is 

(3.8) ^ s{Ua)4>[up,u^](t)°‘{4>^ X4>a} = ^ s(w«)s(a)</>[7r+a,«c.]</’" = ^ 


Ua jTT+aJ * 


a,l3€S 


leS 




By ([331) and dMl), we have {dA^a} = vr+a + (a|/) + s(a)$(a) + EaG 5 '^“'?^K,7r+a]- 
The rest of two equations in (2) can be obtained by similar computations. 

(3) The element d = \ I]a,/ 3 e 5 n^]- By direct computations, 


we have 


(3.9) 

{ T,*' 

aGS 

and 


(3.10) 



/3e5 


a,l3es 




a&S 7,5sS 

On the other hand, we have 

1 


■JjSgS 


^ -s{Ua)(i>°(f>^4>[U/3,Ua] A ^ i:S(u^)(j)'^<1)^4>[us, U^] 


a,l3eS 


'Y,S&S 


(3.11) 


Y 1 ^s(«a)s(« 7 ) (t>[us,v 

a,f},'f,S£S 


+<P[up,Uc]{(P°‘(P^ X^[us,u-y]}<P'^(l>^ 
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By Leibniz rule, 

(P[us,u-,] 

a,/9,7,5E5' 

Q!,/9,5sS a,/3,7SS 

a,pS&S 

and 

a,/3,y,5£S 

= Y + Y = 0 - 

/5,7,5s5 0,7,<5 

Since {dA^} = ([MD + 2 • (|3.10p + (|3.1ip = -i Ea,/ 3 , 5 GS 
show that 

( 3 . 12 ) s{uf,)rcl^U^Hu,,u,lu^] = 0 . 

o,/3,7e5 

We obtain (|3.12l) from the property that, for any a, /3 ,7 G S, the following formula holds: 

□ 

Proposition 3.2. Let d(o) • S{R) be defined by A {dA^}|A=o. Then = 0 and 

d(o) is a differential on S{R). 

Proof. By the Leibniz rule, we have 

{dA{d^^}} + {d^{dA^}} = {{dAd}A+;i^}. 

If we take A = /i = 0 then d^^^^ = {{dAd}A+;i2l}|A=;i=o. Since {dAd} = 0, we have d^^^ = 0 
and d(o) is a differential on S{R). □ 

Definition 3.3. The classical BRST complex associated to 0 and / be S{R) with the differ¬ 
ential d(o). The classical affine W-algebra 

Wi(0,/,A:) = dd(5(i?),d(o)) 

associated to g and / is a PVA endowed with the supersymmetric product and the A-bracket 
{A + I){B + I) = AB + I, {A + /aB + /} = {AaB} + /, for / = Imd(o) C 

Note 3.4. If we want to emphasis the W-algebra W{g,f,k) is associated to a Lie “su¬ 
per” algebra 0 , we call the algebra by W-superalgebra. 

In order to show the well definedness of W-algebras, we need the following proposition. 

Proposition 3.5. The product and the X-bracket on the Wi( 0 ,/, A:) are well-defined. 
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Proof. Let be the differential of the classical BRST complex associated to g and /. By 
the Leibniz rule and the Jacobi identity, we have 

d^Q){AB) = 0, (i(o)({AA-B}) = 0 A A, B e ker(i(o). 

Also, A A, B £ ker(i(o) and X,Y £ S{R) then 

{{A + d^o)X){B + (i(o)y)) = AB + d(o)(s(A)Ay + XB + Xd^^^Y) 

and 


{A + (i(o)A \B + d(o)y} — {AxB} + (i(o)({s(A)AAy} + {X\B} + {AAd(o)y}). 

Hence Wi(g, /, k) is a PVA. □ 

3.2. Second definition via Hamiltonian rednction. 

Let S'(C[(9] (8)g) be the supersymmetric algebra generated by the vector superspace C[(9] (8)g. 
Take the associative superalgebra ideal 

I = MS'(C[d] ® g) where M = {m + x(m)|m G m, x(m) = (/|m)}. 

Let 

V{Q,f,k) = S{C[d]^Q)/I 

be the supersymmetric algebra. Define the adAU-action on V(g,/, A:) by 

adAn (A) = {nAA} + /[A] for n G n 

where the bracket {n\A\ is induced from the bracket of S{Curk{Q)). Then adAn(/) C /[A] 
and the subspace 

(3.13) W 2 (g, /, k) = V(g, /, = {A G V(g, /, k)\adxn{A) = 0 for any n G n} 

of V(g,/, A:) is well-defined. Moreover, it is a Poisson vertex algebra endowed with the A- 
bracket induced from that of S'(C'urfc(g)). (See Proposition 13.71 i 

Definition 3.6. The classical affine W-algebra W 2 (g,/, A:) is the PVA defined in (|3.13l) 
endowed with the product and the A-bracket 

{A + I)-{B + I) = {AB)+I, {A + IxB + I} = {AxB} + I[X\, A +I,B +1 £WigJ,k). 

Proposition 3.7. The product and the \-bracket in Definition \S.(A are well-defined. 

Proof. To see the well-definedness of the PVA W 2 (g, /, k), we have to check that the algebra 
is closed under the product and the A-bracket. We can check this as follows: 

(1) By the Leibniz rule, the element AB -|- / is in W 2 (g,/, A:) if A -|- / and B Y I are in 
m{Qj,k). 

(2) By the definition of a W-algebra, we have {Axl} = {LaA} = 0 -|- /[A]. Moreover, by 

the Jacobi identity, the element {AxB} -|- /[A] is in W 2 (g, /, A:)[A] if A -|- / and B Y I are in 
m{9J,k). □ 


15 




3.3. Equivalence of the definitions of an affine classical W-algebra. 


Recall the LCA R = Curkis) © Rch © Rne- Let us consider the building block 

Ja = a+G S'(R), a G g. 

a£S 


Then 

d{0)iJa) = ^ s{ua)^‘^[ua,a] + fed ^ s(u„)(u^|a)(/)" 
a^S aGS 

(-3 -^s{uaW (vr+[u„,a] + ([u„, a] |/) + s([u„, a])$[„^_„]) 

a,fi£S a,fiGS 

Here we recall that s{a) = (—for a homogeneous element a. 

Since ~ we have 

a,j3£S 0->l&S 


[[u^,Uf^],a] = [u^,[ufi,a]] - [u^, [u.^, a]]. 


a,l3eS Pa&S 


(3.15) 

and 

(3.16) 
Hence 

(3.17) 


By (j3.14p and (j3.17jl . we have 

(3.18) d(0)(Ja) = Y + Y ks{Ua){Ua\a)d(t)'^ 

a£S aeS 


where, for the projection map 7r< : g —)• 0j<og(^)) 

(3.19) Ka = Jn^a-s{a)^a-{a\f), a ^ Q. 


Also, we have 
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{Ja\Jb} — ^ { 0 - +(t^°'(t^[ua,a]\b +4>^(t>[up,h]} 


a,/3eS 




(3.20) 


a,l3eS 


{OA^} + ^ (f>'^4>[7T+[u^,a],b] - ^ </>^</>[7r+[«^,6],a] 


qG5 


/3e5 


-/Kb] + Xk{a\b) - ^ 
oeS 




aG5 


Hence if a and b are both in 0j>o 0(0 or both in 0j<o 0(05 then { xJb} = 
Also, we can easily check that 


(3.21) {KaxK,} 

Let us denote 


K[a,b] +Xk{a\b) 
-K[a,b] = {[a,b]\f) 

0 


if a ,6 G 0i<o0(O; 
if a ,6 G 0 (f) , 
otherwise. 


J[a,b] + kX{a\b). 


(3.22) r+— ())„© (i(o)((/!)n)) (B cj)'^ ©‘^ 0 ( 1 / 2 ) 

and 

(3.23) R+ =C[d](g>r+, R_ = C[d]^r_. 

Then d^o)\s{R+) C S{R+) and d^o)\s(R_) C S{R-). 

Proposition 3.8. Let d = d(o)ls(_R_)- Then we have 

(3.24) H{S{R),d(o)) = H{S{R.),d). 

Hence Wi{g J,k) = H{S{R-),d). 


Proof. Let us denote d+ = d(o)ls(_R+)- Then S{R) = S{R+) (S> S(R-) and d(o) = (i+ © 
1 + 1 (g) d. Hence, by Kiinneth lemma, H{S{R),d(^o'j) = H{S{R+), d+) ^ H{S{R-), d). Also, 
by Kiinneth lemma, we have H{S{R+),d+) = S{H{R^,d+)) = C. Hence Lf(S'(ii), d(o)) = 
H{S{R-),d). □ 


Let us define the ^Z-bigrading on S{R-): 

(3.25) gr(J„) = (j„ - 1/2, -j„ + 1/2), gr(/) = (-j^ + 1/2, + 1/2) 

and gr(4>^) = gr{d) = (0,0), where J„ = ^ 7 = and G 0 (j«), 

up G qUp), G 0 (j 7 ). For the first component of the bigrading (I3.25p . we call by p-grading 
and for the second component, we call by ^-grading. The charge on S{R-) is defined by the 
sum of p-grading and (/-grading. Hence 

(3.26) charge(jQ,) = 0, charge((/)^) = 1, charge($.y) = 0. 
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Consider the decreasing filtration with respect to the p-grading 

(3.27) • • • C Fp+i C Fp C 1 C • • • . 

Using the facts in Section [231 we obtain the graded differential : S{R-) — S{R-) such 
that 

d3^iJa) = -^s{a)rMa,f]), d^^(‘I>H)= E (<)-“) = 0. 

ag5 aG5(l/2) 

Let US denote Jg^ := { Jq | [o,/] =0}- Then ker(d^''|/j_) = C[9] 0 Jg^. 0 C[9] 0 and 
im(d^’’|ij_) = C[5] 0 (j)"-. Hence we have 

H{R_,d<^^) = C[d]0Js^. 

Lemma 3.9. We have the following properties: 

(1) The complex {S{R-),d) is a direct sum of locally finite complexes. 

(2) HP^{S{R-),d3'') = 0ifp + q^0. 

Proof. (1) Recall that we have the Hamiltonian operator H on S{R) defined in (j3.2p . Since 

= '^- ja for Ja = Jua,, 

the operator is a Hamiltonian operator on S{R-). Since d preserves the conformal 

weight and each eigenspace 

S{R-){i) = {ae S{R-)\Aa = i}c. S{R.) 

is finite dimensional, we conclude that the complex (5(R_),d) = 0-gZ(5(i?_)(i),d) is a 
direct sum of locally finite complexes. 

(2) By Kiinneth lemma, we have 

H{SiR-),d3^) = S{H{R_,d3^)) = 5(C[a] 0 Jg^). 

Since any element in ^(Clc?] 0 Jg^) has charge 0, we proved the lemma. □ 

Proposition 3.10. (1) gr^m{S{R-), d) ~ RPI{S{R-), d^^). 

(2) H{S{R-),d) = H^{S{R-),d) ~ S'(C[5] 0 Jg^) as associative superalgebras. 

Proof. By Lemma (301 we have grP‘^H{S{R-){i),d) ~ P[P'^{S{R-){i),d^^). By taking direct 
sum 0jgZ to the both sides, we get grP'^H{S{R-), d) ~ HP^{S{R-),d^'^). Also, by Lemma 

13.91 (2), we obtain the second assertion. □ 

Theorem 3.11. Consider the associative superalgebra homomorphism 

(3.28) f:S{R.)^V{Qj,k), 

such that Ka a for a G 0j<i 0(i) and (jp- 0 for n_ € n_. Then we have 

(1) The map 

(3.29) / : Wi(0, /, k) = H{S{R.),d) ^ W2(0, /, k) 

is a well-defined superalgebra isomorphism. 

(2) Moreover, f is a PVA isomorphism. 


18 


Proof. (1) Since H{S{R-),d) = H^{S{R-),d), any element in H{S{R-),d) has a represen¬ 
tative in S{d"'Ka) for n G Z>o and a G 0j<i 0{i). 

Now, let us prove that the map / is a well-defined isomorphism. In order to do that, we 
observe that 


(3.30) d{Ka) = Y kd{ua\a)'il;‘^ 

a£S a£S 

where V'" = s{ua)4>°‘ and 

(3.31) 

did^-^Ka ■ d^>>Kb) 

= s{a)d^’^Ka ■ Y '9”'’(V'“^[nc.,6] + kd{Ua\h)'lp°') + Y '9’^“(^"^[nc.,a] + kd{ua\a)'ip°') ■ 




aes 




a€S 




+ E 

a£S 


j=0 


Y ( ( ) + A:(u„|a)5"“+0“ • d^»K, 


On the other hand, we have 


(3.32) 

and 


(3.33) 


{Ua ao } = [Ua,a] + kX{ua\a) 


{uaxd^'^a- d^'^b} 

= (-l)P(“)p(«) 5 n,^ . ^ a)”®{n„ xb} + {X + a)”“{u„ A a} ■ 


Ub 




i=0 


Ub 


+ E 

i=o L 


n. 


a] + A:A"“+^(n„|a) 


h] + kX^>>+^{Ua,\b) 


■ d^>’b. 


Let us denote 


(3.34) Kab = KaKb, K9A = dKA, Ka+b = Ka + Kb, Kc = C 

for A,B£ S'(C[(9] (8) 0j<i 0(*)) and C G C. Assume that 


A* \i 

{Ua xA} = Y ^(««(i)^)> A^} = Y 


i>0 


i>0 


for some Ua(i)A, Ua[i)B G S'(C[cI] (8> g) and 

50' 


d{KA) = 




i>0 CfgS 


i>0 a€S 
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Then 


{ua xAB} = ^ 


(3.35) 


and 


i>0 


(A + dy 




ti 




a] S + 


i>0 


(A + dy 


EE 


1 f i 


i>0 j=0 


\J 






(3.36) 


d{KAKB) = {-lY^^'>KAd{KB)+d{KA)KB 


i>0 adS 


i>0 aGS 


1 /i 


i>0 aGS j=0 


eeeh;) |(-l)P(“)P(^)K^(5*-^i^„^(,)B) + {d^-^Ku^^^A)KB 


Hence 


A 


E iua(i)AB) d{KAB) = EE^a 


^q;(i) 


AB- 


2>0 2>0 q:E5 

Since we have ()3.30p . (13.311) . ()3.32p . and (I3.33p . we conclude that 


A* 


{u^xA] = ^ —(n„(i)H) 


■^(Aa) = EETa.. 


(i)^ 


j>0 


i>0 qG5 


for any H G S(C[5] ( 8 i (0j<i 0(0))- Therefore the followings are equivalent 

(i) A G W2{Qj,k), 

(ii) Ua(^i)A = 0 in S(C[5] ® q)/I for any a £ S and i > 0 , 

(iii) Ku^^.^a = 0 for any i > 0 and a £ S, 

(iv) Ka £ Wi{Q,f,k). 


(2) Let AjMj and YlkeK be elements in W 2 ( 0 , /, k), such that Aj, Bk £ ^(CPcl] ( 8 > 

(©i<o0(*))) Mj,Nk £ S'(C[5] ® 0 ( 5 )). Then 

(E 

jeJ k&K 

(3.37) = ^ (-l)P(^'=)(p(^i)+P(^^)+p(®fc))+p(^^)p(^'=)Arfc{Hj A+a-Bfcl^Mj 

j£j,k£K 
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Here, we used that xNk} = YlkeKWj A-BfcA^fc} = 0. 

On the other hand, 

{Y1 >' ^ ^b^Kn^} 

jeJ keK 

jeJ,k£K 

We can see that there exist Cj G V( 0 , /, k) for i > 0 such that 

{H, xBk} = Y ^ ^(0’ /> ^ {Ka, xKbJ = Y 

i>0 i>0 

and there exist Ci € V(g, f, k) for i > 0 such that 

{Mj xNk} = Y e "^(0’ /’ ^ {Km, xKnJ = Y 

i>0 i>0 

The last equivalence comes from the fact that {ni\n 2 } = —(/|[rei, 712 ]) and {Kn-^ xKn 2 } = 
(/|[ni,n 2 ]) for rai,n 2 G 0 (|). Hence p.37l) and (|3.38p imply that the map / is a PVA isomor¬ 
phism. 

□ 

Proposition 3.12. Suppose {va}aeJ is a basis of gf such that Va G g{ja) o,nd Va has the 
conformal weight Aq,. If we have a subset A = {va + aoja G J} C W{g, /, k) such that 

(3.39) Ua G S'(C[9] (g) ( ©8(i))) 

i>ja 

then A is a set of free generators of VV’( 0 , /, k). 

Proof. We already showed in Proposition 13.101 that there is a set of free generators {va + 
ba\a G J} of W{g,f,k) such that gr(ua + ba) = Va- In other words, using the filtration 
(j3.27p and Theorem 13.111 we have Va G Fj^_i\Fja and b^ G Fj^. It is not hard to see that 
Fj^ C S'(C[cI] (g (0j>j^ 0(0))- Hence we proved that the existence of such generating sets. 

Now let us assume there is another subset A = {va + aa\o! G J} C yV{g,f,k) satisfying 
(j3.39p . We denote by = Va + ba and Aa = Va + Oa- If Va G 0 ( 0 ) then Oa — ba € 5(C[(9] <g 
(©i>o 0(*)))- However, since Oa-ba^ W{g, /, k) and W( 0 , /, k) n ^(CfO] (g (©^>0 0(0)) = 0> 
we have Aa = Ba and 

^difr[H-Q,| CX ^ J.J Va G 0/(0)] ^diff[HcK j O G T, Va G 0/(0)]. 

Here Cdifr[5'] for a set S denotes supersymmetric algebra generated by {^"'s ] n G s G S}. 

Suppose Cdifr[H«]Q: G J, Va € ©j>fc 0 /(A;)] = Cdifr[Ha | a G J, G ©j>fc 0 /(A:)] for some 
k <0. Let vg G gf{k — ^) for some (5 G J . Since Aj^ — Bp G VV’( 0 , /, A:) n S'(C[cI] (g (©j>^ 0 (i))) 
and 

W{g,f,k)nS{C[d] (g (©i>fc0(O)) = Cdifr[Ha|a G J, G ©i>fc 0 /(A:)] 

— C'difT[HQ, I Q; G T, Va G CDi>fc 0/(^)] 
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we have 


Ap G Cdiff [-S/3; -Sq I Ct G </, Va G (^)] ’ 

Bp G Cdifr[^/3,^a I a G J, t’a G 0j>fc0/(^)]- 

Hence 

C-diflf-BQ, I G Vq, G 0/(^)] — C'diff[^a | O G </, 'Uq. G 0/(^)]' 

By an induction, we have Cdifr[no + OqIq: G J] = CdifTf'^a + ^o|a: G J] = W(g, /, A;). Hence H 
is a set of generators of Vy(0, f,k). □ 

4. Relations between finite and affine W-superalgebras 

4.1. Finite W-superalgebras. 

For finite W-superalgebras, we can obtain an analogous result to Theorem 13. Ill and Propo¬ 
sition [XT21 Icf. aonendix of [4] and M) 

Definition 4 . 1 . Let © (/>„) and be nonlinear Lie superalgebras such that 

(1) as vector superspaces 

(p'^- ~ n(n_), (p„ ~ n(n), ^ 0 ( 1 / 2 ) 

where H denotes parity reversing, 

(2) for a, 6 G n_ and c, d, ni,n 2 G n, 

[</“,/] = [</c,</d] = 0, [0c,</“] = (c|a), [4>„i,4>n2] = (/|[ni,?^ 2 ])- 

Let us denote r = g © {(p"- © (pn) © ^n/m 1®! 

a&S qG 5(1/2) a©65 

for (/)" = s(a) = s{ua) and <l>a = If the adjoint map add : [/(r) —>■ U{r) is defined 
by the Lie bracket on r and Leibniz rules, the associative superalgebra 

w/‘"(g,/) = R(C/(r),add) 

is called the quantum finite W-superalgebra associated to g and /. 

In order to see Definition lO makes sense, we have to show the following lemma. 

Lemma 4 . 2 . (1) We have (add)'^ = 0 and d is an odd element in U{r). 

(2) The associative product ofU{r) induces the product ofW(^'^. 

Proof. The proof is almost same as that of the lemma in the affine classical W-superalgebra 
case. □ 

We introduce another definition of quantum finite W-superalgebras. Let 17(g) be the 
universal enveloping algebra of g and consider the Lie bracket [, ] on [/(g) defined by the Lie 
bracket on g and Leibniz rules. 
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Definition 4.3. Let be the associative superalgebra ideal of U{q) generated by {m + 
(/|m)|m G m}. We denote 

The adjoint action of n on U{g,f) is defined by adn{A) = [a,A\ and the invariant space 
is called the quantum finite W-superalgebra associated to g and /. Also, we 

write 

and the associative product of is defined by 

{A + • {B + = AB + 7^*”. 

In order to see Definition 14.31 makes sense, we have to show the following lemma. 

Lemma 4.4. (1) We have G 

(2) If A and B are in VL/*"(g,/) then AB is in f)- 

Proof. The proof is almost same as that of the lemma in the affine classical W-superalgebra 
case. □ 

Let us consider the building blocks 

Ja = a + '^ for o G g, 

a£S 

where fig = fin+g and 7r_|_ : g —>■ n is the canonical projection map. We denote 

(4.1) r+= fin® add (fin) and r_ = Jg< ©(/>"-© 4>g(i/2). 

Then add\iji^r+) C 7/(r+) and add|{/(r_) C U{r-). As a consequence, we get the following 
proposition. 

Proposition 4.5. Let d = add\ij(^j.-)- Then we have 

(4.2) H{U{r), add) = H{U{r_),d). 

Hence VVi(g,/,/c) = H{U{r-),d). 

Proof. The proof is almost same as that of the Proposition 13.81 in the affine classical W- 
superalgebra case. □ 

For 

(4.3) Ka = Jn<a - s{a)^a “ (a|/), “ ^ ^ 0(*)i 

i<l 

we have the following theorem. 

Theorem 4.6. Consider the associative superalgebra homomorphism 

(4.4) f-.U{r_)^U{g,f), 

such that Ka i-7> a for a G 0j<i g(*) and fiP- 0 for n_ G n_. Then 

(4.5) / : Wf"(g,/) = 77(7/(r_),d_) ^ wi^^igj) 
is a well-defined superalgebra isomorphism. 
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Proof. The proof is almost same as that of Theorem EUT] in the affine classical W-superalgebra 
case. □ 

Recall that the bigrading (13.251) is defined on S{R-). Suppose we have the bigrading gr of 
r_ which is induced from (|3.25p . We call the first component of of gr by p-grading. 

Proposition 4 . 7 . Suppose {va}aeJ is a basis of gf such that Va G giJa)- If we have a subset 
A = {va + Qaloi: G J} C WA^{g,f) such that p-grading of Oi is greater than that of Va, then 
A is a set of free generators of WA^{g, f). 

Proof. The proof is omitted here. It can be proved by the analogous proof of Proposition 

Km □ 

By substituting universal enveloping algebras of Lie superalgebras with supersymmetric 
algebras of Lie superalgebras, and the ideal generated by the subset {m + (/|m)|m G m} 
of U{g) by the ideal generated by the subset {m + (/|m)|m G m} of 5 ( 0 ), we get the 
following theorem about the classical finite W-algebra WA'^{g, f) associated to 0 and /. Also, 
we denote 

S{g,f) = S{g)/lA^. 

Theorem 4 . 8 . Consider the associative superalgebra homomorphism 

(4.6) /: 5 (r_)^ 5 ( 0 ,/), 

such that Ka a for a G 0j<i 0(*) and fP- 0 for n_ G n_. Then 

(4.7) / : Wf "( 0 , /) = 77(5(r_), d_) ^ wf "( 0 , /) = 5 ( 0 , /)“''" 
is a well-defined Poisson superalgebra isomorphism. 

Proposition 4 . 9 . Take the A-grading on S{g) defined by = 1—ja for a G g{ja)- Suppose 
{va}aeJ is a basis of gf such that Va G g{ja)- If we have a subset A = {va + Oalcn G J} C 
^■^*"’( 0 )/) such that 

o-a G 5(0 0(i)) 
i>ja 

then A is a set of free generators of WA^{g, f). 

Also, classical hnite W-superalgebras can be understood as finitizations of classical affine 
W-superalgebras via classical Zhu map. 

Theorem 4 . 10 . Given Lie superalgebra 0 and a nilpotent / G 0 , there is a Poisson algebra 
isomorphism 

ZhuH{W{gJ,k))c^Wl^^{g,f) 

where H = and L G W{g,f,k) is the image of Lq = Ylaes + clx G S{Curk{g)) 

in V( 0 ,/, k). 

Proof. As we showed in Example 12.141 the L7-twisted Zhu algebra ZhuH{S{Curk{R))) of 
S{Curk{R)) = 5(C[cI] < 8 > 0 ) endowed with the Poisson A-bracket 

{qa^} = [«j ^] + ^^(01^)5 a, 6G0, A: G C\{ 0 }, 
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is the supersymmetric algebra generated by g endowed with the Poisson bracket 

{va,Vb} = V[a,b], Va = a-k{x\a). 

If (/> G VV(g,/,/c) then {nx4>} G /[A] and hence {n,(j)} G Zhunil), for any n G n and 
4> G ZhuuO^iQ-, /) ^))- Hence we have 

^ G {ZhuH{S{Curk{miZhuH{I)T’^'^ 

Observe the following facts: 

(i) Suppose V is an associative superalgebra isomorphism v S{q) ^ ZhuH{S{Curk{Q))) 
defined hy a Va for a G g. Then ZhuH{S{Curk{Q))) is isomorphic to 5(g) as Poisson 
superalgebras via v. 

(ii) Since Vm = m for m G m, the ideal X-f*" of 5(g) such that 5(g,/) = 5(g)/X'f*"' is 

Zhunil)- 

(iii) Since n = Vn for any n G n, the adjoint action ad^ on 5(g) is same as ad^^ on 5(g). 
Hence 

ZhuHiSiCurk{g)))/ZhuH{I)r^'' ^ W^'"(g,/) 

and ZhuH{yV{Q, f,k)) ^ W'^*"’(g,/). On the other hand, we obtain generating sets of 
^^■^*"■(0) /) by taking the image of generators of VV(g, /, k) in ZhunO^iQ-, /> ^))- (See Proposi- 
tion l3.12] and ProDosion l4.9l l Hence >V'^*”(g, /) ~ ZhuHi^Vid, f, k)) as Poisson superalgebras 
via the map v. □ 


By Example 12.141 and Theorem 14.101 we have 

S{Curk{g)) -^ V(g, /, k) D >V(g, /, k) 


Zhuf. 


Zhuj. 


S{q) 




Moreover, by the following theorem, we can easily obtain >V-^*"'(g, /) from W(g, /, A:). 

Theorem 4.11. [1] Let (ii, {a}) be a nonlinear Lie conformal algebra and {S{R), { x}) be 
the Poisson vertex algebra generated by R. Then the H-twisted Zhu algebra ZhuH{S{R)) 
is isomorphic to the supersymmetric algebra S{R/dR) endowed with the bracket defined by 
{a, 6} = {aA&}|A= 0 ) where a,b £ R and a,b are the images ofa,b in R/dR. 

Corollary 4.12. Let us denote by g<i = 0j<ig(i) and G = 5(C[cl] O g<i). Then the 
differential algebra G is isomorphic to V{Q,f,k). Consider the associative superalgebra ho¬ 
momorphism p : G ^ 5(g<i) such that 

a !->■ 5noa, for a £ g, n £ Z>q. 

Then p{yV{Q, f,k)) = VV'^*”(g,/). The Poisson bracket on W'^*"'(g,/) is defined by 

{ p { wi ), p { w 2 )} =p({w^ia'w^2}|a=o)- 
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Proof. If we take R = C'urfc(g) in Theorem 14 .11 I then ZhuH{S{R)) ~ S{R/dR) for the Hamilt- 
nonian operator H in Theorem 14. 101 Denote M = {m + (/|m)|m G m} then S{R)/MS{R) ~ 
G ~ V{Q,f,k) as differential algebras and S{R/dR)/MS{R/dR) ~ 5'(0<i) as associative su¬ 
peralgebras. Since S{R/dR) ~ ZhuH{S{R)) and the Poisson bracket on S{R/dR) is induced 
from the A-bracket on S{R), it is easy to see that p(W(g, /, k)) C >V'^*”(g, /). Moreover, using 
Proposition 14.91 we can see that p(W(g, /, k)) = >V'^*"'(g, /). 

The Poisson A bracket on W(g, /, k) is induced from that of S{R) and Poisson bracket on 
>V-^*”(g,/) is induced from that of S{R/dR). Hence the Poisson bracket on >V/-(g,/) is 

{p{wi),p{w2)} = p{{wixW2}\x=o) 

by Theorem 14.111 □ 


5. Generators of classical W-superalgebras 

5.1. A W-superalgebra associated to a minimal nilpotent /. 

Let / be an even minimal nilpotent in g and let {za\a G 5(1/2)} and {z*\a G 5(1/2)} 
be bases of g ( 5 ) such that [za,z'^] = —e. Denote by adAn(A) or by {nxA} the ad^n- 
action on A G V{g,f,k). Then {za xz’^} = —e = and gj = g/(0) © g(— 5 ) © C/, where 
0 / = {5 G 0\[f,9] = 0 } and g/( 0 ) = g/ ng( 0 ). 

Proposition 5.1. The affine classical W-superalgebra W{Q,f,k) has free generators (as a 
differential algebra) 


= V — 


I 


aeS(l/2) 


( 5 . 1 ) ct>w = W- ^ zl[Za,w] + ^ z(,Z*^[Zfj,[Za,w]]- ^ k{Za\w)dzl, 

aGS(l/2) a,/3e5(l/2) aeS(l/2) 

(ff = [image of (-Lg) in V(g, /, k)] + k^ Y (<94)^0 

aG5(l/2) 

where v G g/(0) and w G g(— ^). 

Proof. It is enough to show that {z.yxf>v} = = 0 for any 7 G 5(1/2). 

Since {^; 7 a 4 } = 4,7 in V(g, /, k), we have 

qG 5(1/2) aG5(l/2) 

= K,U]+ ^ ^ 

aG5(l/2) ag5(l/2) 

where p(q:) = p{za),piP) = p{zj3),p{'y) = p{z.y). Note [e,u] = 0 . Hence [[z.y, Za],v]= 0 . Using 
the fact that X]og5(i/2) [-^7)^]] = [-27, u], we conclude 

{2:7 A Y 4[2a,p] } = 2 [z7,u] 

aG5(l/2) 
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and 


^ z^[za,v]} = 0. 

oeS(i/ 2 ) 

Now we shall show {z^xfp^} = 0. We have 

{z-^\ w} = [zj,w] + kX{z^\w), 

aGS(l/2) 


{Z^ X X] ^*a4^ZpAZa,w\]} = ^ z}\zp,[z^,w]] 

a,p&S{l/2) /365(1/2) 

+ E [^/3, [^«,«;]]]) . 

a,/3G5(l/2) 

/ 3 eS(l/ 2 ) / 3 eS(l/ 2 ) 


a,/3GS(l/2) 

= - E + E 

/3g 5(1/2) aGS(l/2) 

the equation (15.3p implies 

(5.6) {z,, Yl 42j[2^,|2„,a.||}=3 (-1)6(“>6W4|2„|2„,«,]|. 

a,/3G5(l/2) aGS(l/2) 

By (|5.2I) and (|5.6I) . we have 

{z^\(pw} = {z^ \ w - E zl\Zo..,w\ + ^ E zl^zl[zp,[za,w\]-'^k{za\w)dza} = f). 

aG5(l/2) a,/3e5(l/2) o 

Also, by direct computations, we can show that {z^ x </*/} = 0- D 

Proposition 5.2. Let f be a minimal nilpotent in 0 . Let v,vi,V 2 be elements in 0 /( 0 ) and 
w,wi,W 2 be elements in 0 (—^). The X-brackets between generators in Provosition \5.1\ are as 
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(5.2) 

and 

(5.3) 

Since 

(5.4) 
and 

(5.5) 


follows: 


(5.7) 


A*/’v2 } ^[vi,V2] “t“ 1 ^ 2 ); 

{f’v xf’w} 4^[v,w]j 
{4>f\4’v} = -{d + X)4>^, 

{(pfxf'f} = -{d + 2X)(j)f, 


{(pwiX(pW2} = ie\[wi,W2]){f)f + '^^<Pai(pbi) 


iei 


ae5(l/2) 0,/3eS(l/2) 


where {ai\i € 1} and {bi\i € /} are bases of gf{0) such that {ai\bj ) ~ ^ij and G 0/(0) is 
the projection of g £ Q onto 0f(O). 

Proof. Let us consider the decomposition 0j<i 0 (i) = 0 / © Cx © 0 (^) and the differential 
algebra homomorphism p : V{g,f,k) —>■ S'(C[5] © 0 /) be induced by the projection map 
0 i<i 0(*) 0/- Then the map l := p|w( 0 ,/,fe) • Ty( 0 ,/,/c) 5(C[(9] © 0 /) is a differential 

algebra isomorphism defined hy 4>u ^ u for any u G 0 /(O)© 0 (—|) and (ff i-)- f — Yliei 

The map l naturally induces the one to one correspondence lx : W( 0 ,/, A:)[A] —)• £'(C[9] © 

0 /)[A]. 

It is not hard to see lx{{4>vi x4>v2}) = [vi,V 2 ] + kX{vi\v 2 ) and ii(^([ui,U 2 ] + A:A(ui|u 2 )) = 
f>[vi,v 2 ] +A;A(ui|u 2 ). Hence {4>vix4>v2} = 4>[vi,v2] + kX{vi\v 2 ). All the equations in (15.191) can be 
proved in similar ways. So we shall show the last one which is most complicate. By taking 
terms which are not in ker lx, we get 


(5.8) 


A<(>u;2} = '-aM [^1)^2] - Y Za]*[Za,'W 2 ]* 
\ «e5(i/2) 

aGS(l/2) 

+ ^ (_1)P(/3)(P(©+P(-1)) [4, WI]*[Z 0 ,W 2 ]* 

a,/3e5(l/2) 

+ Y {Za\wi){z 0 \w 2 ){dz*^ xdz 0 }\ . 

a,/3GS(l/2) / 
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We have 


(5.9) 

Also, we have 


''A ^{e\[wi,W2]){(t)f+ = [wi,W2]; 

ix {-k^\^{za\wi){zp\w2)[zl,z*p] ) = {za\wi){zp\w2){dzl xd^}}. 


(5.10) 


and 


E E [W,,Z*^][Z^,W2] 

a,/3eS(l/2) qG5(1/2) 


By equations (j5.8p . (15.9p . (|5.10p . (15.111) . we proved our assertion. 


□ 


Analogously, we can obtain a generating set (as an associative superalgebra) of a hnite 
W-superalgebra associated to a minimal nilpotent and commutators between them. 

Proposition 5.3. Let f be a minimal nilpotent in g. Suppose v G g/(0) and w G g(—^) then 
the followings are free generators of f): 

aG5(l/2) 

^!yj = W- ^ zlfZa,w\ 


(5.12) 


aGS(l/2) 


+ 3 Z] [^l^}[^hA^a,w]] + {f\[zl^,z*ff\)[zfj,[za,w]]) , 

a,/3G5(l/2) 

^/ = [image of inU{g, /)], 

oG5 

where {ua}a£S {^aloeS bases of g with respect to {[). 

Proof. It is enough to show that [^.y, 'I'^] = [^.y, = [z.y,'^f] =0 for any 7 G £'(1/2). Here 

we show the most complicate case: [z.y, <h^] = 0. We have 

[z^,z*[za,w]] = [z^,w]+ (-ir(^)^('y)[z„[za,w]]; 

a€S(l/2) aeS(l/2) 

[z-i,zlz}[zp,[Za,w]]] 

a,/3GS(l/2) 

= z}[[zf,,Z,]M+ E 

/3gS( 1/2) aeS(l/2) 

+ E [Z^, [zo.,w]]]- 

a,/3GS(l/2) 


(5.13) 
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The first term and the third term of the second equation in (|5.1f!p are 
(5.14) z^z^,[z^,w]]= Y + 

/3e5(l/2) /36S(l/2) 


(5.15) 


a,/3eS(l/2) 

aeS(l/2) a,/3eS(l/2) 

= E ^a[z^,[Za,w]]- Y Z*^[[ZI3,Z^],W] 
aeS{l/2) 0eS{l/2) 

- E K,z*^][[za,w],[z^,zp]]. 

a,0€S(l/2) 

Here, from second line to third line, we used [zajZjs] = ZaZp — ZjsZa- Also, we have 

(5.16) E [zl,zy\[[za,w\,[z^,zii\] = - Y {z*c^z*p][z^,[zfi,[zc,,w\]]. 

a,/3GS(l/2) a,0&S{l/2) 

By (|5.13l) . (l5.14p . (|5.15]) . (|5.16l) . we conclude that [z.y,4'^] = 0 for any 7 € S{l/2). □ 

Proposition 5.4. Let f be a minimal nilpotent in 0 . Let v,vi,V 2 be elements in 0 /( 0 ) and 
w,wi,W 2 be elements in g{—^). Let z^j = Y^a 0 £S{i/ 2 )(f\[Za: z'^])[zi 3 ,[za,w]]. The commutators 
between generators in Proposition 1 5. 5'! are as follows: 


(5.17) 


= (e|[u;i,u;2])(4'/ + E^^«.^6J> 


i&I 


ag5(l/2) 

where {ai\i G /} and {bi\i G /} are bases o/ 0 /(O) such that {ai\bj) = 6 ij and G 0 /( 0 ) is 
the projection of g G g onto 0 /( 0 ). 


Proof. The argument in the proof of Proposition 15.21 works. 

Also for finite classical W-superalgebras, we can obtain similar propositions. 


□ 
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Proposition 5 . 5 . Let f be a minimal nilpotent in g. Suppose v G 0/(0) and w G 0 (—then 
the followings are free generators 0/W'^*"’(0,/).' 

i>v=V-^ Z^[Za,v], 

aeS(l/2) 

(5.18) ^ zl[Za,w\+'^ ^ Z*^Z*fi[Zji,[Za,w\f 

aG5(l/2) o,/3gS(1/2) 

fjf = [image 0/ - ^ in 5(0, /)], 
aGS 

where {ua}oi£S {^aloeS bases of q with respect to {\). 

Proof. By Corollarv l4.12l we obtain free generators of W( 0 , /) from the generators of VV( 0 , /, k). 

□ 


Similarly, we obtain the Poisson brackets between generating elements. 

Proposition 5 . 6 . Let f be a minimal nilpotent in 0. Let v,vi,V2 be elements in 0/(0) and 
w,wi,W2 be elements in 0(—5). The Poisson brackets between generators in Provosition 15.51 
are as follows: 

{^/,W^‘"(0,/)} = O, 


(5.19) 




iei 


oeS(i/2) 

where {ai\i G /} and {bi\i G /} are bases o/0/(O) such that {ai\bj ) ~ and g"^ G 0/(0) is 
the projection 0/5 G 0 onto 0f(O). 

Proof. By Corollary 14.121 and Proposition 15.21 we can prove our assertion. □ 

5.2. Examples. 


Example 5.7. Let 0 = spo{ 2 \l) C 0[(2|1). Then the even part 05 is generated by an sl 2 -triple 
(cev, h, fev) and the odd part 0 j is generated by Cod and fod such that 


/I 0 0\ 

/l = 0 -1 0 Cev 

\ 0 0 0 / 

/ 0 0 1 

Cod = I 0 0 0 

\ 0 1 0 


0 

1 

0 ) 

1 



0 

0 

0 


fev 

= 

0 

0 

oy 

I 





/ 

0 

0 

0 


fod 

= 

0 

0 

1 



V 

-1 

0 

0 


0 0 0 \ 
10 0 
0 0 0 / 
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Then we have 


[/l, Coj;] (^odj [^1 fod\ fodi [^odj fod] [fodi^od] ^ 


[®od)/eti] — /od) [/od) 6eti] — ^odj [Codj ^od] — [fod^ fod] 


-2/e. 


Note that fod G 0(-l/2), fev G 0(-l), Cod G 0(1/2), eg. G 0(1) 

Consider the supersymmetric invariant bilinear form (|) such that {h\h) = 2 {eev\fev) = 2 
and (codl/od) = -2. 

In order to find free generators of W(0, fev, 1 ), we want to find an element X £ S'(C[5](8i0)// 
satisfying adxeod{X) = 0 + 1 . Here we recall that I is the differential algebra ideal generated 
by fie. + 1 . Note that adxeod{X) =0 + 1 implies adxSeviX) = 0 + /. It is not hard to find 
two elements 


1 Ill 

4^od ■— fod d&od, 4^ev ■ fev T ~^fod^od + "^Godd&od 

which satisfy 

adxeod{(t>od) = 0 + 1, adAeod(</>e.) = 0 + 1. 

Hence 

W(0, fev, 1 ) = S{C[d] (g) {C4>od © Ccpev))- 



as a differential algebra. By direct computations, we can check that the A-bracket of VV’(0, fev, 1 ) 
is defined by 

{</od A f’od} — ‘2'4>ev 2A 


{'fev A fod} — (9 + ^^)fod 

1 S 

{fev A fev} — {f © 2A)(/e. ' 


Example 5 . 8 . Let 0 = spo{ 2 \ 2 >) C 0[(2|3). As a matrix form 

0 l( 2 | 3 )=(/ 

where A, B, C, D are 2 x 2 , 2 x 3 , 3 x 2 , 3 x 3 matrices, respectively. We denote by 
eij, , e^j, e= G 0l(2|3) the matrix with 1 in ij-entry of A, B,C, D, respectively, and 0 in 
other entries. 

Consider the sl2-triple (e, h, f) where 

h = eii — 622 + 2(en — 652)) e = 612 + ejg — egg, / = 621 + 2655; — 2623. 

Take the supersymmetric invariant bilinear form (|) such that (e|/) = |(/i|/i) = 1 . Then g is 
generated by the following elements 

Hi = 611 — 622; H2 = ejj — egg, 

.£'11 = fill — 622 5 .^'IS = 632 + 613, E21 = 612, E22 = ejg — egg, = 612 + Cig 

©11 = 611 + eg2, ©12 = egi — e2g, ©21 = 621, ©22 = 653 “ ^gj, F3 = egi — 621. 


Note that Hi,H 2 G 0 ( 0 ), illii,£'i 2 G 0 ( 1 / 2 ), £' 21 , £"22 G 0 ( 1 ), £3 G 0 ( 3 / 2 ) and £ 11 , £12 G 
0 (—1/2), £ 21,£22 G 0 (—1), £3 G 0 (—3/2). In the differential algebra 5(C[(9] ( 8 )g)// where I 
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is the differential algebra ideal generated by m + (/|m) for m € m, we have e = — 1 , E2\ = | 
and E22 = Moreover, we have 


[Ei2 , E12] — 




[-E'li, -Ell] — 0 , 


{Eu\En) = l, (-E12I-E12) =-| 

Since ker(ad/) C spo{ 2 \ 3 ) is generated by four elements Fn — ^Fi2, F21, F22 and F23, the 
W-algebra yV{Q,f,l) is freely generated by four elements as a differential algebra. We can 
see that the following four elements 

(pi = Ell — -Fi 2 + -H1E12 + -H2E12 + -H2E11 + -dEii + -dEi 2 ', 

z 4 4 o Z Z 

(p2i = .F21 — -^Fi2Eii — -H1E11E12 + -Hf 

— -EudEu + -EiidEu — —EudEn — -dHi] 

o o Id z 

(p22 = F22 + -.Fll^ill — -F12E12 — -F12E11 — —H1E11E12 + -H2 

4 4 o lb o 

— -Ei2dEii — —EiidEii + -dH2'i 

8 Id 2 

<^3 = F3 — -F21E12 + -F22E11 — -F21E11 + -Fi 2 .E'ii£'i 2 — —HfEii + -H2F12 

— TT-f^i-Eii + -F11E11E12 — -HfEi2 — -H1H2E12 
z o 00 

— ^^ 29^11 - ^HidEi2 + ^EuEi2dEi2 + ^dHiEu + - ^d^Eu 
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freely generate W(0, /, 1 ). The A-bracket is defined by 

= 4>22 - 7;4>21 + ^A^; 

2 0 

{4>ix4>2i} = </>3 + ^d 4 >i + -A(/)i; 

{'^lA</'22} = 2*^3 + 2 ^ 4>1 + 

{4>Ix4>3} = 1^9(1)21 + -9(/>22 + + -A^; 

2 2 2 0 

{021 A</’2l} = — (5 + 2A)021 + 

D 

(021 A022} = 0; 

3 11 

(021A03} = 202101 “ 2 ^ 4>3 + 

{022 A022} = 7r(9 + 2A)022 — “A^; 

2 D 

9 1 

{022A03} = —201021 + (A + -5)03; 

5 ^^ 021. 

The way we get Poisson A-brackets is same as the argument in the proof of Proposition 15.21 

6. Affine classical fractional W-(super)algebras 

Recall that g is a simple Lie superalgebra with an sl2-triple (e, 2 x, f) and the supersymmet¬ 
ric bilinear invariant form (|) such that (e|/) = 2 {x\x) = 1 . Supppose 0[z, z~^ = C[z, 2;“^](8>0 
and g[2;] := C[z] 0 g are Lie superalgebras with the bracket 

[az^, bz""] := [a, b]z'^^^, m,n € Z^a,b £ Q. 

The Lie superalgebra q[z,z~^\ has the bilinear invariant form (|) which is induced by that 
of g, i.e. 

{az^\bz^) = {a\b)6m+n,o, a,b £ q. 

Denote 

gW = g[ 2 :]/ 2 :*+^g[ 2 ;], t G Z>o 
and let Vt be the differential algebra defined by 

Vt(g,/,A:) = 5 (C[ 5 ] 0 gW)//‘ 

for the ideal P generated by {z^m + {f\m)\m £ m}. Note that if t = 0 then Vt{Q,f,k) = 
V(g, /, k) which appears when we define the ordinary classical affine W-superalgebra. 

In order to introduce another description of Vt(g, /, k), define a gradation on g[z] by letting 

gr{z) = l + d, gr{g) = j, for g £ g(j). 
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{03A03} — —3021022 — 30301 + 


3 x 2 3 ,„ 1 

-A^ + -\d+ - 
2 2 2 


Here d satisfies that q = 0 j=_rf 0 (i) and g((i) ^ 0 . We denote 


If p € Q{d) then 
and 


0; := {g G 0 N|gr( 5 ') = 1}, for I > -d. 
gr(/^‘) = g^{pz*~^) =t{l+d)-l 


0[t,d] := 0N / 0 0t' ^ 0 0t' ^ 0^*^ © 

t'>{l+d)t+l t'<{l+d)t+l 

as vector superspaces. 


Definition 6 . 1 . The differential algebra S'(C[ 9 ] ©0[t,d]) has a PVA structure induced by the 
Poisson A-bracket on C[ci] ©0[t,rf] : 


( 6 . 1 ) 




bz‘1} = 


[a, b] + kX{a\b) 
0 

-[a,b]z^+^ 


ifp = q = 0, 

if only one of p,q is 0, 

if p, g / 0. 


for a,h Q, p,q ^ Z>o and k € C. 


Moreover, we have the differential algebra isomorphism 

Vt{Qj,k) ~ S{C[d] 0 Q[t^a])/I[t,d]^ 
where is the ideal generated by 

{m+ (m|At)|m G 0(i+rf)+i} for A* = fz~^+pz~^~^. 

Here (m|Aj) G C is induced from the bilinear form of 0(2;, 2:“^]. 

Recall that n = 0 j>o 0 (*) © 0 - Define the adAn action on Vt(0, /, k) induced by the action 
on 5 (C[( 9 ] (8) 0(2;]): 

adAn(az^) = [n,a] + 6pfikX{n\a), 

(6.2) adAn(Ai?) = (—adAn(H) + adAn(A)i?, 

a.dxn{dA) = {d + A)adAn(A), 

for n G n, a G 0, A, H G 5 (C[( 9 ] ® 0(2]), p G Z>o. 

Take the superspace 

( 6 . 3 ) yVt(Q,f,k) = Vt(0,/,t)'"'^^" = {A G Vt(0,/, A:)|adAn(A) = 0 for any n G n}. 

By the definition of adAtr action ( 16 . 2 p guarantees that VV’t(0,/, A:) is a differential algebra. 
Moreover, we have the following proposition. 


Proposition 6 . 2 . The differential algebra WtiQ, f,k) is a PVA endowed with the X-bracket 
induced from that o/ 5 (C[ 5 ] © 0 [i,(i]) in Definition \6. 1 [ 

Proof. Let us first show when 0 is a Lie algebra. Suppose A = Yli&T ^ ~ 

YjjeT' are elements of Wt{Q,f,k) for A^,Bj G ^(CPS] (8)0) and Af,B^ G S'(C[ 5 ] <81 

2)0 [2;]). We need to show that 

{AAH}GWt(0,/,A:). 


Note that, for n G n. 
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(i) adAn(^) = Eier ' adAn(A) + A ' adAn(A) = 0; 

(ii) adAn(B) = J2jeT' ' adxn{B'^) + ■ adxn{B>) = 0; 

(iii) adAn(S'(C[5] (8>00^)) C 5(C[(9] 0 0z^)[A]. 

Since we have 


{AxB}= B>{A^,^9B'^UA> + B'^{A>^^gB>UAl 

i€T,j&T' 

it is enough to show that 

(6.4) ^ ^^n{B>{A«^^gB«)^A>)=0= ^ 

i&T,je.T' ieTjGT' 

In order to show the first equality in (16.4p . we expand 

(6.5) ad^n{B>{A^^^QB^UA>) = {{A^^^gB^UAf) ad,n{B>) 


( 6 . 6 ) 

(6.7) 

Since 


+ X] (~ ) ^A^(A(fc) A) 

k>o ^ ^ 




k>0 


/(A + p + 5)* 

V k] 


A> adf,niA>). 



»(A”„|B»)= 

k'>k 

k'\ 

k\{k' -k)\ 

we have 



(6.8) 

ea=EA 

({\ + df 
V k\ 


fc>0 

(6.9) 

+EA 

k>0 

({\ + df 
V k\ 


' k'>k ^ '' 


By (i) and (iii) 


E » = - E 

(6.10) ieT,j&T' i&T,j&T' 

= - ra. 

i€T,j&T' 

Also, by (ii) and (iii), 


E A (AA'“*-."(a>)) E 

k>0 ^ ^ k>>k ^ '' 


i&T,j&T' 


E 

i£T,j£T' 


E “^^"(Bj-) (h^. 4 >) . 4 »mB» 


fc >0 


= -{{A^,^oB^UA>) ad,n{B>). 
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( 6 . 11 ) 















Hence, by (j6.4|) - (16.111) . we have 

ad,n{B>{A^^^ 9 B^UA>) = 0 

for any n G n. Using the same argument, we have 

ad^n(H0{H>= 0. 

i€T,j&T' 

Thus 

ad^n({HAH}) = 0, that is {AxB} G Wt{Q,f,k)[X] 

and Wtis, /, k) is endowed with the PVA structure. 

If g is a Lie superalgebra having an odd part, we can prove the proposition similarly. 
The only thing we need is considering change of signs according to the supersymmetry of 
y^t{Q,f,k). So we proved our assertion. □ 

Definition 6.3. The PVA 

m9j,k) = vt{Qj,kr^^^ 

endowed with the Poisson A-bracket induced by that of 5(C[0] iX)0[t^d]) in Dehnition 16.11 is 
called the t-th classical affine W-algebra associated to g, / and k £ C. 

Now we assume that / is a minimal nilpotent in g and = fz~^ + Then we can 

find generators of VV’t(g, /, k) 

Proposition 6.4. Let u G g(^), v G g(0) and re G g( — ^) and recall {Za\a G 5(1/2)} and 
{z* |a G 5(1/2)} are bases 0/ g(^) such that [za, z’^] = —e. For p = 0, - ■ ■ , t — 1, let rjt be the 
linear map defined as follows. Then the elements listed below are generators of Wt{Q, f, k). 

r]t{ezP) = ezP; 

pfiuzP) = uzP - ^ z^z'^[za,uzP]; 

aGS(l/2) 

rjfivz^) = vz^ — ^ z^z^[za,vz^] — xz^[e,vz^] 

aGS(l/2) 

+ \ z}z\zp,[zc,,vzP]]] 

(6.12) a,/3e5(l/2) 

rjfiwz^) = wz^ — z'^z^lza^wz^] — xz^[e,wz^] 

aG5(l/2) 

+ \ Y [za,wzP]] + XZ^ ZpZ^[z 0 , [e, wzP]] 

a,/3eS(l/2) 

Y z’^z'^ ZpZ^ z*z'^[z^,[zi3,[za,wzP]]\ - kdpfl Y dz^z\za\w). 

a,/3,765(1/2) aGS(l/2) 
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(6.13) 


Denote by r][{fzP) the element in Vt{Q,f,k) which is obtained from rjtiwzP) by substituting 
wz^ by fz'P and w by f. 

- {xz^fiez^) - ^ xz^ z^z^ z^z^zfi, [z^^xz^]] 

a,/3eS(l/2) 

+ ^ X] ^7^* Zsz\z5, [Zy, [Zfi, [Za, fz^]]]] 

a,g,'r,seS(i/2) 

- k 5pfi {dxz^ - i ^ (94^:*) ZaZ^) 

aeS(l/2) 

Also, for V € 0 /( 0 ) and u; G 0 ( — the followings are generators ofWt{Q,f,k). 

1 
2 

(6.14) 


T]tivz^) = VZ^ - - zlz^[za,vz% 

aG5(l/2) 

T]t{wZ^) = WZ^ - ^ zlz^[Za,WZ^] + ^ ^ Z^Z^ Z*fjZ^[ZfS,[Za,WZ% 

aG5(l/2) a,l3eS(l/2) 

Also, we take r]t{fz^) by substituting fz^ in r]t{fzP) with fz^. 

Proof. It is enough to show that adxn{r]t{g)) = 0 for any n G n and g G ©ilo0[.2] © 9fZ^. 
Here we show adxn{r]t{wzP)) = 0 by direct computations. Other cases also can be proved 
similarly. Note that 

[Zf},ZaZ^] = Sa,0 G Vti9j,k). 

Hence, for any 6 G 5(1/2), 

(i) adxZs{Za[Za,WzP]) = [zs,WzP]+ ^ {-lf^‘^'>P^^'^Z*Z^[zs,[Za,WzP]y, 

aeS(l/2) oeS(l/2) 

(a) &dxzs{xz^[e,wz^]) = —-zsz^[e,wz^] + xz^{zi,{e,wz^\\‘, 

(m) ^ adxzs^z^z^ z*pz\zp,[za,wz'P]]) = ^ z*pz\zj3,[z5,wzP]] 

a,/3GS(l/2) /3eS(l/2) 

agS(l/2) a,/3eS(l/2) 

= {-lf^^^P^^^zy[zs,[zg,wzP]]-z,z\e,wzP] 

/3gS(1/2) 

aG5(l/2) Q,/3eS(l/2) 

The last equality holds by the fact that 

^ Z0z\[zfi,Z5\,wzP]= ^ 

/3eS(i/2) /3e5(i/2) 
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Also, we have 

{iv) ^ eidxzs{xz^ z*^z^[z/ 3 ,[e,wzP]]) 

/3gS(1/2) 

= -- ^ zsz^ z*^z'^[zi3,[e,wzP]] + xz'^[zs,[e,wzP]]-, 

^ /9g5(1/2) 


a,/3,7GS(l/2) 


= 3 


^ ^ zsz* z*^z^[z^,[e,wzP]]; 


a,/3eS(l/2) aGS(l/2) 

(ui) ^ adA2;5(92:o2:*(2;a|t(;)) = A(2;5|i(;) 

aGS(l/2) 

By (i)-(vi), we have r]t{wzP) € Wt(g, /, A:). □ 

Remark 6.5. Recall that {ua\a € 5} and {tt“|a € 5} are dual bases of g. We note that the 
image of 


- UaZ^ U^z^ € 5(C[5] (8) QZ^) 
aes 


by the quotient map S'(C[5] <8> g[2;]) ^ Vt(g, /, k) is an element in Wt(g, /, k). 

Moreover, we have the following theorem. 

Theorem 6.6. The fractional W-(super)algebra yVt{Q, f,k) associated to a minimal nilpotent 
f € Q is isomorphic to the differential algebra of polynomials generated by a basis of the space 
Gt := 0p=og-2^ (BQfZ^. Moreover, we have 

Wt{Qj,k) = S{C[d]®pt{Gt)), 

where gt ■ Gt ^ Wt{Q,f,k) is the linear map defined by Proposition [M 

Proof. Let A G Wtis, f,k). We can find A' G 5(C[(9] ® ryt(Gt)) such that A — A! does not have 
a term in <8) Gt). Hence 


A-A' G yvt(g,f,k)n 
It is not hard to see that 


C[(9]0{x2;‘© 0 ZaZ* j ■Vt(g,f,k). 

aeS(l/2) 


m(g,f,k)n 


Hence A G S'(C[cI] © gt{Gt)). 


C[5] (g> I xz* © ^ ZaZ^ I • Vt(g, /, k) = 0. 

065(1/2) 


□ 


The previous proposition and theorem can be restated as follows. 
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Theorem 6.7. Let g be a Lie superalgebra with a minimal nilpotent f. Then the affine classi¬ 
cal fractional W-(super)algebra Wt{g,f,k) is a differential algebra generated by the following 
free generators: 


( 6 . 15 ) Vtigz^ 


v'tiaz^) «/5€©Lo0; 

fftigzP) - fc5p,oE«GS(i/2) dzlz\za\w) if g € g (-1) ; 

fftifzP) - k{dxz^ - EaG5(i/2) k{dz*z^)zaZ^) if g = f\ 


where p = 0, - ■ ■ ,t and 


( 6 . 16 ) ffigzP) = Y^ 


i-iy 


s>0 ai,...,asGS(l/2)U{0} 


S' 


n 

^i=l 




) L^oi) 


gz^ 


for Zq = X and zq = e. 

Consider the supersymmetric algebra 5'(g[t^rf]) endowed with the Poisson bracket induced 
by that of 5(g[2;]) defined as follows: 

( [a, b] if p = q = 0, 

(6.17) {azP, bz^} = < 0 if only one of p, q is 0, 

\ -[a,b]zP+‘i ifpy0,qy0. 

Denote by xf ” the ideal of ^(gfi ^^j) generated by {ez^ + 1, fz^~^^ + 1} and let 

(6.18) ^{gz<’) = Yi E (-l)*^(ri4,2‘)K.|2«.-..[---.K.92"l---|ll 

s>0 ai,... ,aseS(l/2)U{0} ' Vi=l / 

be an element in S{g[t^d])- 

Then we get the following lemma which is useful to find A-brackets between generators of 
Wt{g, /, k) in Theorem 16.71 

Lemma 6.8. We have the following formula: 

( 6 . 19 ) Wtigiz^),g'tig2z'‘)} + = fftiigiz^, 52 ^''}) + 

where gffresp. 52 ) G 0 if P 7^ 1 (resp. q 1) and gffresp. 52 ) G ©j>_ig(f) if P = 1 (resp. 
q=l). 
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Proof. Using the fact that {nz^,gzP} = {xz^,gzP} = 0 if g £ 

Leibniz rules, we can show that 

( 6 . 20 ) 

1 / „ 


0 ifp/1, 

0*>_i0(*) ifp=l, 


and 




fin 

[t,d\ 


ai,--,as6S(l/2)U{0} 

= V _i_ 

s'!(s - s')! 


\i=l 


E 


n ’ [^/ 3 .'-i ’[•••’ [^/ 3 i > 91 z^] 


/3i.-,/3,,g 5(1/2)U{0} t \i=l 
7 i,-.7»-.'65(1/2)U{0} 


n 4 ,[••■, [^7., 52^1 • • • ]]] I + . 

Hence we can prove our assertion by direct computations. □ 

Lemma 6.9. Let gz^ € for g £ Q and p = 0, - ■ ■ ,t. Then the following equality holds. 


(6.21) {g’^{fz),g't{gzP)}= -g't{[e, gz^]) + g'tHfz, gz^}) + 


rfin 


Proof. Observe that 

( 6 . 22 ) {fz,xz*^} =-fz^^^ £l+ll^"^y {fz,z^z*} = 0foTa£S{l/2). 

The second term in the RHS of (16.211) follows from the same argument as that of Lemma 

ESI 

The first term in the RHS of (j6.2ip follows from (j6.22p . For details, observe that 
XZ^ Z^Z^ = Z^Z^ xz\ [Za, [c, H]] = [c, [Za,A]]. 

Hence, for any a £ S(l/2) U {0}, the term with xz^ in g't{gz^) can be written as 


Hence 


(6.23) 


and 

(6.24) 




1 


(s-l)! 


(-1)^X2:* 



, [Za^Ae,gz'^]] ■■■]]■ 


{'n't{fz),it{gzP)}-it{{fz,gzP}) 

{it{fz),it{9z^)} - it{{fz,gzP}) +l(t'd] = -9'ti[e,9z^]) +T(t'd]- 

□ 
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Theorem 6.10. The X-brackets between generators of Wt{Q, f, k) are as follows: 


{ht{gi)xrit{92)} = r]t{[9i,92]) + kX{gi\g 2 ) 
{Vt{fz)\ritif)} = - kX 

{r]t{fz)xVt{9)} = -Vti[e,g]) 

{Vt{fz)xVt{9z^)} = -r]ti[f,9]zP^^) - Vt{[e,g]zP) 
{Vti9iz^)xVti92z'‘)} = -r]ti[gi,g2]zP+^) 


for gi,g 2 € g; 

for 9 € ©i>_i 0 (i); 
forg(^Q,p>l- 

for gizP, g2z‘i G ©j>_i Q{i)z © Qz^ 


Proof. The theorem follows from Lemma 16.81 and 16.91 We have to check n-th products for 
n > 1 which can be shown by simple computations. □ 


Remark 6.11. In [16], a Hamiltonian operator on a given classical affine fractional W-algebra 
associated to a Lie algebra is introduced. Using the Hamiltonian operator, a classical finite 
fractional W-algebra can be defined. Analogously, we can hnd a Hamiltonian operator on 
a classical affine fractional W-superalgebra and a finite fractional W-superalgebra can be 
constructed using the operator. 
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